It is shown that the Fizeau drag can be used to cause nonreciprocity. We propose the use of a nanostructured toroid cavity made of χ (2) nonlinear materials to achieve nonreciprocal photon blockade (PB) through the Fizeau drag. Under the weak driving condition, we discuss the origins of the PB based on the doubly resonant modes with good spatial overlap at the fundamental and second-harmonic frequencies. We also find that for the fundamental mode, the PB happens when we drive the system from one side but the photon-induced tunneling happens when we drive the system from the other side. However, there is no such phenomenon in the second-harmonic mode. Remarkably, the PB phenomenon occurs with a reasonably small optical nonlinearity thus bringing the system parameters closer to the reasonably achievable realm by the current technology.
I. INTRODUCTION
Considerable efforts have been dedicated to the study of achieving photon blockade (PB), which is a quantum phenomenon that can be exploited to convert a coherent classical light source of defined wavelength into antibunched photon streams [1] . It is indispensable in a variety of practical applications. Quantum information processing [2] [3] [4] and quantum cryptography [5] [6] [7] are just a few of the most widely known examples. There have been various studies on how to produce single photons in circuit-QED systems [8] [9] [10] , cavity QED systems [11, 12] , optomechanical systems [13, 14] , coupled cavities [15] [16] [17] and cavity-free systems [18, 19] . In these pioneering studies, the PB is generated in weakly-nonlinear systems which allow for destructive quantum interference between distinct driven-dissipative pathways [20] , called unconventional PB or arises from the anharmonicity in energy eigenvalues of the systems caused by strong nonlinearity [21] . Although the unconventional PB requires a significant smaller optical nonlinearity than its conventional counterpart, it can exhibit higher-order bunched photons. Thus the unconventional PB is not a good way of generating single photons in general.
Nonreciprocal devices, which break the physical symmetry, allowing light propagating from one side but not the other, are also playing a very important role in a wide range of applications, such as signal processing and invisible sensing [22] . It is typically achieved in previous experiments on the classical regimes based on atomic gases [23, 24] , nonlinear optics [25, 26] , optomechanics [27, 28] and non-Hermitian optics [29, 30] as well as studied on the quantum regimes based on rotating resonators [21] .
In this paper, We explore the possibility of achieving nonreciprocal PB in a rotating toroid cavity via χ (2) susceptibility, following the proposal in Ref. [21] which relies * zmzhang@scnu.edu.cn on the conventional condition of strong nonlinearity to obtain nonreciprocal PB in a spinning Kerr resonator. Under the weak driving condition, we compare the difference between the origins of PB phenomena in both modes and investigate the nonreciprocity occurs in the fundamental mode. Note that the present PB devices, relying on the χ (2) nonlinearity, can potentially be achieved with larger values of the nonlinear interaction compared with the devices relying on the Kerr-type nonlinearity [31] . This will eventually bring the system parameters closer to the reasonably achievable realm by the current technology.
The remainder of this paper is organized as follows: In Sec.II, we propose a physical model and analytically study the PB and the nonreciprocity phenomena. In Sec.III, we numerically examine the analysis in Sec.II by investigating the photon statistical properties via the quantum master equation. Finally, we summarize the work in Sec.IV.
II. MODEL AND THEORY
We consider a rotating optical cavity based on doubly resonant modes with good spatial overlap at the fundamental and second-harmonic frequencies via a χ (2) nonlinear material as shown in Fig.1(a)(b) . The cavity is rotating with a fixed angular velocity Ω and an external classical light is coupled into and out of the cavity through a optical fiber. Therefore for a χ (2) nonlinear material, the rotating cavity Hamiltonian is given by [32] 
where ω 1 and ω 2 are the frequencies of the quantized fundamental mode and the quantized second-harmonic mode, respectively. Both of the cavity modes experience a Fizeau shift because of the rotating, hence we have
A rotating optical cavity with a χ (2) nonlinear material. The cavity is rotating at a fixed angular velocity Ω and an external classical light is coupled into and out of the cavity through an optical fiber. (a) ∆F > 0 when we drive the device from its left side. (b) ∆F < 0 when we drive the device from its right side.
. ∆ F1 and ∆ F2 here are decided by the fixed angular velocity of the rotating cavity according to [33] 
where n is the refractive index, r is the cavity radius, c is the speed of light in vacuum and λ is the wavelength of the external classical light. Here, ∆ F1 , ∆ F2 > 0 (∆ F1 , ∆ F2 < 0) denotes that the light propagating against (along) the direction of the rotating cavity as shown in Fig.1a (Fig.1b) , i.e., driving the device from its left (right) side in our case. ω 2 = 2ω 1 is considered in this paper for simplicity and we use ∆ F to express ∆ F1 for below convenience, therefore we have ∆ F2 = 2∆ F since ω 2 = 2ω 1 was assumed. a(a † ) and b(b † ) represent annihilation (creation) operators for the fundamental mode and the second-harmonic mode respectively and g is the hopping interaction between the two modes which is proportional to χ (2) [34] . Here we notice that the last term with g leads to an anharmonic energy-level structure.
In the following, we study the PB phenomenon in the system arising as a result of this two-mode cavity Hamiltonian. Firstly, we consider the eigen-equation of this system which can be written as H|ψ k = E k |ψ k when the fixed angular velocity Ω = 0. The eigenstates are |ψ k which can be written in terms of the Fock state |n a , n b , where n a and n b are the numbers of the photons in the fundamental and second-harmonic modes, and the eigenenergies are E k (k = 1, 2, 3 · · · ). The energy spectrum is sketched in the diagram as shown in Fig.2 , with the noncoupling Fock state (left) and energy eigenstates (right). We can see that in the zero-excitation subspace, we have H|ψ 0 = E 0 |ψ 0 , with the eigenstate |ψ 0 = |0, 0 and the eigenvalue E 0 = 0. In the singleexcitation subspace, we have H|ψ 1 = E 1 |ψ 1 , with the eigenstate |ψ 1 = |1, 0 and the eigenvalue E 1 = ω 1 . However, in the second-excitation subspace, we have 
g. The red arrows show the frequency of the driving laser.
Therefore, when the light is resonantly coupled to the transition |ψ 0 → |ψ 1 , the transition |ψ 1 → |ψ 2± is detuned by ± √ 2 g and, thus, be suppressed. It means for the fundamental mode, once a photon is coupled into the cavity, it suppresses the occurrence of the second photon with the same frequency going into the cavity, as there is no available state. This condition holds as long as the driving power remains weak, since higher than the third-excitation subspace, there will be other eigenstates resonant with the driving laser such as |ψ 4 as we can see in Fig.2 , which will effectively destroy the PB effect. We can also see that there are two paths for generating two photons in the second-harmonic mode, i.e., |4, 0 → |2, 1 → |0, 2 and |1, 1 → |2, 1 → |0, 2 , which according to [20] , will arise unconventional photon blockade in the second-harmonic mode. Then we consider the energy-level transitions caused by the Fizeau drag after we take the nonzero fixed angular velocity Ω into account. The first few energy eigenstates are shown as Fig.3 . The left (right) part shows the transitions when we drive the system from the left (right) side. It shows that when the light is resonantly coupled to the transition |ψ 0 → |ψ 1 by driving the device from its left side, the transition |ψ 1 → |ψ 2± are detuned by ± √ 2 g so that it will be suppressed. However, there will be a two-photon resonance when we drive the cavity from the right side with the same laser frequency given the prerequisite that the angular velocity Ω is proper so that
4 g) when we drive the cavity from the left (right) side. This means for the fundamental mode, the absorption of the first photon favors also that of the second photon, resulting in the transition
photon-induced tunneling (PIT).
We assume to pump the fundamental cavity mode with the external classical light of frequency ω L , then by applying the operator U = e
, the effective Hamiltonian of the system can be written in a frame rotating with respect to the laser frequency ω L as
where ∆ = ω 1 − ω L is the detuning of the fundamental mode from the driving laser frequency and F = 2κ1P ω L denotes the driving strength with cavity loss rate of the fundamental mode κ 1 and driving power P . Losses of the system can be described within a quantum master equation [35, 36] 
where the Hamiltonian H ef f is given by Eq.(3), ρ is the rotated density matrix and
are the Lindblad terms accounting for losses to the environment. The statistic properties of the photons for this nonlinear quantum system can be described by the second-order correlation function, defined as [37] g (2)
where ρ ss is the steady-state solution of Eq.(4) by setting the time derivative dρ dt = 0. In the following, we numerically calculate the quantities of Eq. (5) and Eq.(6) by assuming realistic parameters for state-of-the-art nonlinear toroid cavity.
III. RESULTS AND DISCUSSIONS
For the study of PB, we assume that the driving light is extremely weak so we can restrict the photons within the low-excitation subspace. Then the second-order correlation functions can be calculated by solving the master equation in Eq.(4) numerically. bb (0) as a function of the detuning ∆ and the hopping interaction g. Other parameters in both calculations are given by κ2 = κ2, F = 0.05κ1 and the fixed angular velocity is 0.
In Fig.4(a)(b) , the second-order correlation function at zero time delay for the fundamental mode g (2) aa (0) and the second-harmonic mode g (2) bb (0) when the angular velocity Ω = 0 are shown on a logarithmic color scale plot as a function of the detuning of the fundamental mode from the driving laser frequency ∆ and the hopping interaction between the two modes g, respectively. In these calculations, we assumed similar cavity losses for the fundamental and second-harmonic modes, i.e., κ 1 = κ 2 . The experimentally accessible weak light strength is chosen as F = 0.05κ 1 . We can see in Fig.4(a) that the optimal antibunching occurs at ∆ = 0, for the laser frequency exactly tuned with the fundamental cavity mode as the transition from |ψ 0 to |ψ 1 is enhanced with resonant photon absorption. This is perfectly matched with the schematic level diagram in Fig.2 . Meanwhile, it is obvious that the PB gets better with the enhancement of the hopping interaction g as the transition from |ψ 1 to |ψ 2± is blocked for detuning √ 2 g which gets larger with increasing g. However, we can see in Fig.4(b) , different from the monotone decreasing of g (2) aa (0) according to the enhancement of g, there is an abnormal increase of the PB for the second-harmonic mode which appears when the hopping interaction g is still small (red area). To show it more clearly, we set the detuning as 0 and other parameters as the same then plot the second-order correlation function for the second-harmonic mode g (2) bb (0) as a function of g as show in Fig.5 , from which shows a dip of the g (2) bb (0) with a small value of g ≈ 0.867κ 1 . This abnormal phenomenon is the unconventional PB can be explained by the destructive interference between the two paths for two-photon excitation in the second-harmonic mode as we mentioned before. bb (0) versus the hopping interaction g between two modes when the detuning ∆ = 0. Other parameters are chosen as the same as we used before.
To examine the origin of this abnormal PB appearing with a weak second-order nonlinearity, we derive the optimal value of g for the strongest PB under the resonant driving condition by following the method given in Ref. [38] as follows. The average photon numbers in both modes remain small as the driving light is weak. Thus we can truncate the Hilbert space of the system by setting the cut-off occupations in the fundamental mode as four and that in the second-harmonic mode as two, i.e.,
as the generation of a single photon with the second-harmonic frequency needs annihilating two photons with the fundamental frequency. Then we can expand the wave-function |ψ(t) in the Fock-state basis as |ψ(t) =C 00 (t)|0, 0 + C 10 (t)|1, 0 + C 20 (t)|2, 0 + C 30 (t)|3, 0 + C 40 (t)|4, 0 + C 01 (t)|0, 1 + C 11 (t)|1, 1 + C 21 (t)|2, 1 + C 02 (t)|0, 2
with initial probability amplitudes satisfy C 00 (0) ≈ 1
† b according to the quantum-trajectory method given in Ref. [39] . By substituting Eq. (7) into schrödinger s equation H |ψ = i | ψ with ∆ = ∆ F = 0, we have the following equations of motion
in which the underlined terms have the subleading-order coefficients of F and thus can be neglected. We can derive the steady-state solution C 02 (∞) from Eqs. (8)- (16), then by setting C 02 (∞) = 0, the optimal condition for the strongest PB of the second-harmonic mode is obtained as
That is g = 0.867κ 1 when taking κ 2 = κ 1 and F = 0.05κ 1 into the calculation, which is consistent with the numerical result shown in Fig.5 .
The second-order correlation function at zero time delay for the second-harmonic mode g (2) bb (0) is drawn as a function of the cavity loss rate of the second-harmonic mode κ2 and the hopping interaction g between the two modes. The detuning ∆ and the fixed angular velocity have been set as 0. The driving strength is chosen as 0.05κ1. The red curve represents the optimal condition for the PB according to the analytical calculation.
By setting ∆ = ∆ F = 0 and F = 0.05κ 1 , the dependence of the second-order correlation function for the second-harmonic mode is checked against the cavity loss rate of the second-harmonic mode κ 2 and the second nonlinearity g in Fig.6 . The red curve shows the optimal values of g versus κ 2 for the strongest PB according to Eq.(17) with F chosen as 0.05κ 1 as well. We can see the red curve is perfectly agrees with the numerical results. This suggests again that the strong PB appearing with a lower g arising from the destructive interference between the two paths for two-photon excitation in the second-harmonic mode.
Finally, we check the second-order correlation function while there are energy-level transitions caused by the Fizeau drag. We can get ∆ F = ± aa (0) (a) and that for the second-harmonic mode g (2) bb (0) (b) are drawn as a function of the detuning ∆ when the fixed angular velocity meets ∆F = ±
g. The blue (red) curve represents we driving the system from the left (right) side, and the orange dotted line refer to ∆ = −∆F when we drive the system from the left side. Other parameters are given by κ2 = κ1, F = 0.05κ1, and g = 5κ1 in (a),
we drive the system from the left (right) side, and the yellow dotted lines refer to ∆ = −|∆ F |. It is apparent that the second-order correlation functions of both modes reach their dips at ∆ = −∆ F when we drive the system from the left side. Moreover, in Fig.7(a) , the red curve reaches its peak at the exact point where the blue curve reaches its dip, and the value of g
aa (0) at this point is lager than 1, which means for the fundamental mode, when we drive the system from the right side, there happens the photon-induced tunneling with the optimal detuning for the PB when we drive the system from the g. The blue (red) curve represents we driving the system from the left (right) side. Other parameters are given by κ2 = κ1,
left side. This phenomenon is perfectly matched with the schematic level diagram in 3 and is exactly what we expected for the nonreciprocal feature of the PB. However, in Fig.7(b) , there is no peak for g (2) bb (0) at ∆ = −|∆ F | when we drive the system from the right side. This is because the PB in the second-harmonic mode arising from the destructive interference which is not affected by the energy-level shifts instead of the anharmonic energy-level structure.
Mean photon numbers in the fundamental mode n a and the second-harmonic mode n b are shown in Fig.8(a)(b) as a function of the detuning ∆. Other parameters are the same as we used in Fig7. In Fig.8(a) , we can see the nonreciprocity clearly at the point ∆ = −|∆ F | from the different efficiencies for single-photon generation in two modes. n a (a) is, on average, much larger than n b (b), which is because the generation of a single photon in the second-harmonic mode needs annihilating two photons in the fundamental mode just like we have discussed before.
IV. CONCLUSION
In conclusion, we have proposed a physical model of rotating nanostructured toroid cavity made of second nonlinear materials for the application of achieving nonreciprocal PB at the output of the system under continuous weak driving condition. We show that the PB phenomenon in the fundamental mode happens based on the anharmonicity in energy eigenvalues of the system and gets stronger with a higher second-order nonlinearity. However, the PB phenomenon in the secondharmonic mode happens based on the destructive interference between different pathways for the two-photon excitation. The strongest PB in this mode happens with an optimal condition between the hopping interaction and the cavity loss rate of the second-harmonic mode. There is nonreciprocity phenomenon generated from the Fizeau shift but only happens in the fundamental mode not the second-harmonic mode because the energy-level shifts will not affect the destructive interference between two pathways for the two-photon excitation.
